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CJ ' Abstract 

It is shown how Darboux coordinates on a reduced symplectic vector space may be 
used to parametrize the phase space on which the finite gap solutions of matrix nonlinear 
Schrodinger equations are realized as isospectral Hamiltonian flows. The parametrization 
follows from a moment map embedding of the symplectic vector space, reduced by suitable 
group actions, into the dual g+* of the algebra g+ of positive frequency loops in a Lie 
algebra g. The resulting phase space is identified with a Poisson subspace of g+* consisting 
of elements that are rational in the loop parameter. Reduced coordinates associated to the 
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In a series of recent papers [AHP, AHHl, AHH2] a systematic method was 
developed for parametrizing quasi-periodic solutions to integrable systems of PDE's 
in terms of Darboux coordinates on a finite dimensional phase space. The general 
approach consists of reducing symplectic vector spaces under suitable continuous or 
discrete Hamiltonian group actions, and embedding the reduced spaces as Poisson sub- 
manifolds in the dual 0+* of the positive frequency part of a loop algebra g. The image 
space consists of loops in g extending as rational functions of the loop parameter, and 
the PDE's in question arise as the compatibility conditions for pairs of commutative 
isospectral Hamiltonian flows induced by spectral invariants. A number of examples 
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have been studied within this framework, including the cubicaUy nonhnear Schrodinger 
(NLS) equation and the coupled, two-component nonlinear Schrodinger (CNLS) equa- 
tion. 

In [FK] , Fordy and Kulish gave a list of generalized nonlinear Schrodinger equa- 
tions related to the Hermitian symmetric spaces correponding to classical Lie algebras, 
together with their associated matrix Lax pair commutative flows. The general form 
for such equations is 

V^qt = Qxx + '2qpq 

-\^^Pt = Pxx + '^pqp , (1-1) 

where q and p'^ are complex a x b matrices. Speciflc cases are obtained by imposing 
further invariance conditions under involutive automorphisms. 

In Hamiltonian terms, the corresponding Lax equations may be viewed as repe- 
senting flows in the dual of the positive part 5l{r, C)"*" of the loop algebra 5l(r, C), or 
subalgebras obtained as flxed point sets under involutive automorphisms. Using the 
Lie Poisson bracket structure on 5l{rj C)"*"*, the Adler-Kostant-Symes (AKS) theorem 
gives the Lax pair representations: 

^£(A) = [(A£(A))+,£(A)] (1.2a) 

f^C{X) = [{X'C{X))+,C{X)] (1.2b) 

for Hamilton's equations corresponding to suitably chosen elements of the Poisson com- 
muting ring JF = /(5l(r, C)*)|~[,^ (^-,+, of A(i* -invariant functions on 5l{r, C)*, restricted 

to the subspace sl(r, C)"*"*. Here A is the loop parameter and C{X) is chosen as holo- 
morphic outside a disc D in the complex A-plane centered at 0. The -f- subscript in 
(1.2a,b) means projection to the positive part sl^r, 0)+ of the loop algebra (i.e. loops 
that extend holomorphically to the interior of the circle 5"^ = dD). As usual, there is 
an identiflcation understood between 5l{r, C) and a dense subspace of 5l(r, C)*, deter- 
mined by the A(i*-invariant metric 

<X,Y>=±I "-'^'^f'^'IdA. X, Y . B>. C). (1.3) 

2m Jgi X 

Putting appropriate invariant restrictions on the leading terms of the Laurent expansion 
of C{X), the equations (1.1) become the compatibility conditions for the x- and t-flows 
determined by (1.2a,b). 

For a subalgebra q C 5l{r, C) with loop algebra g we denote by ^(^ C g the 
subalgebra of elements extending holomorphically outside 5"^ , identifled via < , > with 
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0+*. (No notational distinction will be made between elements of g (resp. Qq) and 
the corresponding element of g* (resp. 0"*"*).) The specific form for C giving rise to 
equation (1.1) as compatibility conditions of (1.2a,b) is: 

£(A) = £o + A-^£i + A-2£2 + ■ ■ ■ + A-^+^^^-i (1-4) 

with 

-^0 = T n 7- (1.5a) 

A^(°2) (1.5b) 

C^V^f"" -"A. (1.5c) 

\Px -pqj 

A general framework for studying the "finite-gap" quasi-periodic solutions of such 
Lax pair AKS flows was developed in [AHP, AHHl, AHH2], using moment map 
embeddings of finite dimensional symplectic vector spaces, reduced by certain Hamil- 
tonian group actions, into the duals of loop algebras. The image space is a finite 
dimensional Poisson submanifold of si{r, C)* consisting of a union of coadjoint orbits 
whose elements are rational in the loop parameter. The original space, which we refer 
to as the "generalized Moser space" (cf. [AHP, M]), may be viewed as consisting of 
pairs (-F, G) of maximal rank [N x r) matrices (A^ > r) parametrizing rank-r perturba- 
tions of a fixed diagonal N x N matrix A, with eigenvalues {ai}i=i,...n of multiplicities 
{/ci}i=i,...,n and ki < r, X]r=i ^« ~ ^- "^^^ general form for such a moment map is: 

J:M^^'^xM^^'^ — >Jl(r,C)+* (1.6) 

iF,G)^^Af, (1.6a) 

where 

^f(X) = XG'^{A - A/)F, (1.6b) 

F and G are N x r matrices chosen so that tr(A/') = 0, and the space of pairs (F, G) is 
given the symplectic structure 

uj = tY{dF^ AdG). (1.7) 

We denote by M.^, where k = (/ci, /c2, . . . kn), the space of pairs (F, G) of such N x r 
matrices, subject to the generic requirement that the ki x r dimensional blocks Fi and 
Gi corresponding to the eigenspaces of A with eigenvalue a^ have maximal rank ki, and 
endowed with the symplectic structure (1.7). Assuming A to be diagonal, we obtain 
A/" in the form: 

Ar(A) = X:-^, (1.8) 

1=1 
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where 

Taking the AKS Hamiltonians $x, ^t ^ ^ for the x and t flows as 

^AX) = ltv{^X{X)\ (1.9a) 






^tW = otr(T^X(A)2)o, (1.9b) 



where the subscript means taking the A'^ term in the Laurent expansion centered 
at A = and a(A) = nr=i(-^ ~ '^O i^ ^^^ minimal polynomial of A, gives Hamilton's 
equations in the Lax pair form 

^Ar(A) = [{^X{X))+M{X)] (1.10a) 



|^(A) ^ [(f ^ 



^fix) = [iii^x{x))+M{x)]. (i.iob) 



Defining 



/::=-^Ar(A) (1.11) 

gives the equations (1.2a,b), with C a polynomial in A~^ of degree n — 1. From equation 
(1.11), we obtain the leading terms Cq, £i and £2 in terms of the matrices (F^, Gi) as 



^o = Y.^TFr (1.12a) 

i=l 
n 

/:i = 5^a,(G;^F,-£o) (1.12b) 

n 

£2 = - 5]] ajttfc^o + X^ ai{aiGjFi - Ci). (1.12c) 

The form (1.5a) for the leading term Cq determines an invariant manifold under 
such AKS fiows, since £0 is just the moment map generating the conjugation action 
under 5/(r, C), and hence is conserved by the AKS flows. The other two conditions 
(1.5b,c) determining the form of £1 and £2 are also invariant under the flows. 

In the following section we shall flrst briefly recall how to obtain the special 
structure (1.5a-c) for £ and then show how the moment map (1.6) gives coordinates 
parametrizing certain solutions of the nonlinear Schrodinger equations associated to 
the Hermitian symmetric Lie algebra {5l{a + h, C),5l(a, C) ©sl(6, C) © C*) and its real 
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forms (su(a + r, s),s(u(a) © u(r, s))). A Darboux coordinate atlas is obtained for the 
reduced space -M^Ua+b c)^ obtained by requiring A/'(A) to be traceless, as well as for 
the real forms obtained by choosing fixed points under antilinear involutions. 

Section 3 deals with hermitian symmetric pairs of the type (so(2/),u(r)), (5o(2/ + 
2),5o(2/) ©5o(2)), (5o(2/ + 3),so(2/ + 1) ©so(2)) and (sp(/),u(/)) as weU as their cor- 
responding noncompact and complex forms. Global Darboux coordinates are obtained 
from the restriction that the moment map take its values in the total space of one of 
the classical Lie algebras. The detailed computations for these are omitted, the results 
being given in tabular form. 

We emphasize that the purpose of this work is to give an intrinsic canonical 
parametrization of the invariant finite dimensional sector of the phase space underlying 
certain solutions of the matrix NLS equations;namely, those of "finite gap" type or 
more generally, quasi-periodic fiows lying on the stationary manifolds of higher AKS 
invariants. The actual integration of these finite dimensional fiows in terms of theta 
functions, obtained from linear fiows of divisors on the associated invariant spectral 
curves, will be the subject of a subsequent work [W] . 

2. Darboux Coordinates for the {sl{a + 6, C),sl(a, C) ©5l(6, C) © C) and 
(su(a -t- /, s),s(u(a) © u(/, s))) Matrix NLS Equations 

In this section, we compute Darboux coordinates for matrix nonlinear Schrodinger 
equations of the type (1.1) and the real forms 

y/^Ut = Uxx + '^{uDu )w, (2.1) 

obtained by setting u = q = —Dq^ where u G C"^'' and D is a Hermitian matrix 
which, up to a base change can be taken of the form ( q _j^ j , / + s = 6. 

First we derive the form for £0, -^i and £2 given in (1.5a-c). The co-adjoint action 
of the subgroup of constant loops Sl{r, C) on s{{a + 6, C)"*"* ~ 5l(a + 6, C)q, a + b = r, 
given by 

Ad,{X){X)=g{X{X))g-\ (2.2) 

with X{X) = Xli=-cx) "^*-^^ ^^ generated by the moment map J{X) = Xq- Since our 
Hamiltonians (1.9a,b) (and all other Hamiltonians in JF) are invariant under this action, 
Cq is an invariant of the fiows. 

By a Hermitian symmetric Lie algebra (cf. [KN]), we understand a Lie algebra 
with subalgebra t and an involutive automorphism a : g — > g such that t is the +1 
eigenspace and, denoting by m the —1 eigenspace, an element B E t exists satisfying 

i) t = ker {ad B) (2.3a) 

n) {adB\^f = -id„^. (2.3b) 
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The element B has the the same properties (2.3a,b) in the complexification of g, i and 
m. The t and m components of any element X E Q will henceforth be denoted X^ and 
Xm respectively. 

In particular, for g = si{r, C) define the involutive automorphism 

(To : sUa + 6, C) I — > sUa + b, C) 

(2.4) 

X > Ia,bXIa,b 

with la^b = ( _7 )• This also determines an involutive automorphism ao on the 
associated loop algebra g through 

(aoW)(A) = ao(X(A)), X e g. (2.5) 

The decomposition of sl{a + 6, C) into the +1 eigenspace t = sl{a, C) © sl(6, C) © C 
consisting of the diagonal ax a and bxb blocks and the complementary —1 eigenspace 
m can be interpreted as the complexification of the Hermitian symmetric Lie algebra 
(su(a + 6),s(u(a) © u(6)), with properties (2.3a,b) in both cases satisfied by the same 
element B. Using the induced involution (2.5) we also have a splitting of the loop 
algebra sl{a + 6, C), with +1 eigenspace t and —1 eigenspace m and relations (2.3a,b) 
also hold when t, m are replaced by t, m. 

Returning to the general case, since Cq is an invariant of the flows, we may 
choose it equal to S G I, as mentioned above (t is considered here as representing the 
constant loops in t). For any Hamiltonian (f) E J^ with flow parameter r let d(p{C)- — 
AX~^ + 0(A~^), with C given by (1.4). The AKS theorem implies 

-^Ci = -[ACo]. (2.6a) 

dr 

It follows from (2.3a) that Cit is an invariant of the flows, which we set equal to zero 
as an initial condition. In particular, from Hamilton's equation (1.2a) we deduce 

— £i = [£o, >C2] e m (2.6b) 

The equations of motion then also imply 

/:2m = ^jC, (2.6c) 

ax 
due to (2.3b) and (2.6b). Finally, an easy computation shows that the condition 

C2t = ^[[CoXiiCi] (2.6d) 
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is invariant under the flows of all the Hamiltonians in the ring of functions JF, and 
hence may be consistently imposed. For the particular case g = sl(r, C), we have 
Co = B given by equation (1.5a) and equations (2.6a-d) are equivalent to the special 
form (1.5b,c) for £i, £2- 

The moment map J in (1.6) generally takes its values in gi{r, C)"*"*. In order that 
it be deflned so as to take values in sl{a + 6, C)"""*, we have to impose restrictions on 
its domain in A4^. The corresponding submanifold of ■M.^Uj. ^ C Ai^ is deflned by 

-^.^(r.,c) = {{F, G) G M"^ I tv{GjF,) = 0, z = 1, . . . , n}. 

This is not a symplectic manifold; to obtain one, we have to quotient by the (C*)"^ 
group-action on ■M^u^c) deflned by {z{F,G))i = {ziFi, z~^Gi), i = 1, ...,n, where 
z = (zi, . . . , Zn) G (C*)", whose orbits are the null foliation of the restriction of the 
symplectic form uj to ■M.^Uj. cv This amounts to a zero moment map reduction with re- 
spect to the action of the central subgroup V of the loop group Gl{r, C) corresponding 
to multiples of the identity matrix. Let tv : -M^Uj-c) ~^ -^s[(r c)/(^*)" ^^ ^^^ associ- 
ated projection. On M^u^ (-.-./{C*)"^ we have symplectic charts (i/?^^, 7v{U^'^)) deflned as 



7r(F, G) ^^ {G'r^F,, (G^^^^)-^G',)^=i,...,n 

where Fi [Gi] means just Fi (Gi) with the F^*'^* (G^*'^*) component suppressed, consid- 
ered as an element of C'^^"~^ and 

U^' = {7r(F, G) G Ml^^^^^/{CT I G"^'^ ^ 0, Fl^'^ ^ 0} 



I = (/l,---,/n) C = (Ci,...,C„) 



i-1 



(2.^ 



/i G {Ki + 1,...,K^ + A;^} Ki:=^kj QG{l,...,r} 

But Tv{U^'^) is diffeomorphic to the following symplectic submanifold of A4^: 

niU^^) ^ {(F, G)eM^\ G^i""' = 1, fI^^^ = - Yl Gf^'Ff*^' ^ 0, i = 1, . . .n} 

{5^,|3i)^{l^,Ci) 

(2.9) 
which deflnes a section of the quotient projection tv : -M^Uj. c) -^ -^^Ur c)/(^*)"- '^^^ 
symplectic form (1.7) restricted to this manifold becomes 



'^7r([/i'e) 



n Ki+ki r 

Yl Yl 5^ ^Gf ^^ A rfF/^^\ (2.10) 

i=l 5i=Ki + lf3i = l 



{Si,Pi)^{li,Ci) 
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The moment map J then is defined on the submanifolds (2.9) as foUows: 



-yT T-1 ^ " n—l 



J.„...c,(4F.G)) = aJ: -^ = 5: A-£. (2.11) 

where the map may be viewed as defined either on the quotient space -M.^^^ c)/(^*)^ 
or, equivalently, on the sections whose images are defined by the diffeomorphism (2.9). 

Now, the condition (1.5a) imposed on Cq puUs back through the moment map to 
the space J^^ and gives us the foUowing level sets on our charts ti{U^^) (2.9). Setting 
F, = {X^,Xi) and d = {Yi,Yi) with Xi,Y, e C^^""" and X„ Y, e C^*^^ we obtain 
from the diagonal blocks of the condition (1.5a) 

Y.'^7^^ = -^la (2.12a) 

1=1 

n I zr 

av— 1 



a + 6 



i=l 

and from its off-diagonal blocks 



^Y^Xi=^ (2.13a) 

i=\ 
n 

Y,Z^X,=0. (2.13b) 



i=l 

The vanishing of the diagonal blocks in condition (1.5b) implies 



n 1 r—r 

Y,a,{Y^X, - -^la) = (2.14a) 



a + b 
t=i 

av— 1 



y^a,{Y'^X, + ^^h) = 0, (2.14b) 

^^ a + b 

1=1 

while the off-diagonal blocks give q and p in terms of the linear coordinates 

(x„l„y„yOas 

n n 

i=l i=l 

Finally, the diagonal blocks of conditions (1.5c) imply the constraints 

5^ a^y^l^ _ ^/ZT(gp + J2 «,«fc ^^4) = (2.16a) 

j=i j^'t^ 

n 

J2c^lZ^^, + V^{pq + Y,c^jC^k^h) = 0. (2.16b) 

1=1 i>fc 
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Now let us turn to the general real form (2.1) of the nonlinear Schrodinger equa- 
tion. The equations of motion and the choice of Cq, £i and £2 are obtained in the 
same way as for the complex case, with the understanding that we are now working in a 
reduction to the Hermitian symmetric Lie algebra (g = su(a-|-/, s), I = s(u(a)©u(/, s))). 
This space is obtained by requiring invariance of the image of the moment map under 
the antilinear involutive automorphism 

p : sUa + l + s,C) ^ sUa + l + s,C) 

_T - , (2-17) 

piX) = -tX {X)t-\ 

where t = ( ""*"' _, j , as well as under the involution (2.5). Requiring that the moment 

map Js[(a+b,c) take its values in the fixed point set su(a-|-/, s)* = {X G sl(a+/ + s, C)* | 
p{X) = X} forces further restrictions on the space -M^u^c)- The method used in 
computing these restrictions will apply equally to the reductions considered in Section 
3. (See also [AHP] for details on the general approach to reductions under involutive 
automorphisms) . To implement such a discrete reduction we must impose the following 
condition, reducing the domain of J within the space -M^Uj. cy 

I^.u(a+z,.) = {n{F,G) G ^,^(,,c)/(C*)'^ I P(A$^ Y^^) = A$^ -^^ VA}. 

(2.18) 
This implies that the ai are either real or come in complex conjugate pairs. We may 
reorder the ct^ such that a2i = a2i-i, i = 1, . . . , to and aj = aj, j = 2m + 1, . . . , n. 
Thus (2.18) is equivalent to the constraints 

GlF2^ = -tFl_;G2^-lt-\ z = 1, . . . , m (2.19a) 

GjFj = -tFjGjt~^, j = 2m + l,...,n (2.19b) 

on the pairs (F^, Gi). The reduced space -M^u^ c)/(^*)^ splits into several connected 
components satisfying these constraints, one of which is 

VF-,u(a+Z,s) = MF, G) G -M^((,,c)/(C*)" 1^2.-1 = -F2.t, G2^ = ^2,-1^, z = 1, . . . , m, 

Gj = y^Fjt, j = 2m + l,...,n}. 

(2.20) 

Let pr^ : C^^^"'" x C^^"" -^ Q^r-n ^^ ^^le projection to the first factor. 

^s((r,C)/ 

Wsu{a+i,s) defined by 



The charts ((/j^'^, 7r(t/'^'^)), defined on -^g[(r c)/(^*)" S^"^^ ^^^^ ^° charts (y'su, t/J^) on 



(2.21) 
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which, in coordinates, gives: 



-ill,C 



^n iC^ 



ip',l{n{F,G)) = (G^^^Fi,...,G:r''"^n) G C 



^Nr — n 



(2.22) 



Restricting the symplectic form (2.10) to these charts we get the foUowing symplectic 
form on our new charts 



'uii 



E 



Ki+ki a+l 

E E 



^PiSi 



E J2(dFT ^dFi:\ + dFif^ AdF^^ 



\{Pi,Si):^{li,Ci) 



Ki+ki a+l+s 



\ 



l3i=K, + l 5i=a+l+l 



(j3i,Si)^{li,Ci) 

n Ki-\-ki a-\-l 



I 






f3iS, , ,^ft<5. 



AdF: 



n Ki-\-ki a+l+s 



^ E E E "^i 

j=2m+l Pi=Ki + l Sj=a+l+l 



Pi Si A j-cTft'5. 



ArfK 



(/3,,5,)/0^,c^) 



(2.23) 



Note that the terms with the minus sign are a consequence of the choice of the matrix 
t in (2.17), (2.19a,b) and (2.20). 



Expressing the restriction of the moment map Js[[a+h,c) to Wgy^(^a+i,s) as Jsu(a+i, 
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we have: 












i=l 



+A5: 



i=l 



a2i-i - A 

X2i-lX2i X2i-iX2i 

. D X2i- iX2i 0X21-1X21 
"21-1 - A 



(2.24) 



j=2m+l 



Xj Xj Xj Xj 
aj-X 



The restrictions (1.5a-c) on ^o^'^i and £2 required to obtain the CNLS equation 
may be expressed in terms of the reduced coordinates over the space Wgii(^a+i,s)- The 
constraints imphed by the choice (1.5a) of £0 or equivalently (2.12a,b), (2.13a,b) are 



^^T 



^^T 



^i-X2iX2i-l + X2i-iX2i) + V^ 2^ X^ Xj 

j=2m+l 



-1 



i=l 



^i-X2iX2i-l + X2i-iX2i) + V^ 2^ Xj- Xj 



1=1 



j=2m+l 



a + 6 

—a V~l 
a + 6 



D 



-^T 



-ttT 



Y,{-X2^X2^-l+X2,_^X2i) + V^ J2 X^X,=0. 

j=2m+l 



(2.25a) 

(2.25b) 
(2.25c) 



1=1 



From the equations (2.15), together with the reahty conditions (2.19a,b), we find u in 
terms of the reduced coordinates {Xi,Xi): 



-:rT 



-^T 



-r-T 



U 



^^{oi2i-iX 2i-iX2i - a2i-iX 2iX2i-i) + \/^ ^ oijXj Xj. (2.26) 

j=2m+l 



i=l 



From the constraints (2.14a,b), together with the reahty conditions (2.19a,b) we have 



1 1 L f-p rp ' 

^{-a2i-iX2iX2i-i + a2i-iX2i-iX2i) + v^^( 5Z ^i ^^' ^ 5Z ^^ , /,- 

i=i j=2m+i i=i ^^" (2.27a) 



tti 







a 



^-^ ^T , _ ^T , ,,-^ ^T , ,,-^ 

2_^{-Oi2i-lX2^X2^-l+a2i-lX2i-lX2i) + \/-l{ ^ Xj Xj + ^l^, 

t=l j=2m+l ^=l ^^^ (2.27b) 



a,: 



-D) = 0, 
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while from the constraints (2.16a,b), we have 



m 






a + b 

ij=2m,+l j^k I i=l 



■^'^\i-\^2i-\^2i) =0 

(2.28a) 



m 



-T 



yj=2m+l j>fc / i=l 

+ "2i-l-^2i-l-^2i) =0. 

(2.28b) 

Thus, under the Hamiltonian flow induced by the coUective Hamiltonians 
'^su{a+i,s)^^ ^^^ JL{a+i,s)^t o^ Wsu{a+i,s)^ with $^, $t giveu in equations (1.9a,b), 
subject to the invariant constraints (2.25a-c), (2.28a,b), the resulting function u{x^t) 
given in equation (2.26) satisfles the CNLS equation (2.1). 

3. Symmetric Space Nonlinear Schrodinger Equations 

The preceding section explained in detail how the Lax pair flows determined by 
(1.10a,b) on sl(r, 0)+* give the reduced Darboux coordinates and the invariant level sets 
on the reduced space give rise to solutions of the coupled nonlinear Schrodinger (CNLS) 
equation corresponding to the Hermitian symmetric Lie algebra {sn{a + /, s),s(u(a) © 
u(/,s))) and its complexiflcation {5[{a + 6, C),sl(a, C) © sl(6, C) © C). In this sec- 
tion we construct reduced coordinates for CNLS equations corresponding to the other 
Hermitian symmetric Lie algebras considered by Fordy and Kulish [FK]. Referring 
to the classiflcation of symmetric spaces in [H], the Hermitian symmetric Lie alge- 
bras (so(2/),u(/)) [Dili] and {sp{l)^\x{l)) (CI) as well as their corresponding noncom- 
pact and complex forms can be obtained as flxed points of involutive automorphisms 
on (su(2/),5(u(/) © u(/))) (AIII) and on its corresponding noncompact and complex 
forms. On the other hand, the complex structure for the A///-cases is contained in the 
u(l)-subalgebra, which is not invariant under the involution leading to the Hermitian 
symmetric Lie algebras associated with (so(2-|-/c),so(2) ©so(/c)) (BDI). Therefore the 
SDJ-Hermitian symmetric Lie algebras cannot be realized as subcases of the AIII- 
cases. Nevertheless, we can obtain them by reduction of the corresponding generic 
systems in 0[(r, C). 

For all these cases the resulting Darboux coordinates are global and directly ob- 
tained by a reduction of 0l(r, C) to the classical complex Lie algebras b^, c^, dn and 
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to their corresponding real forms. We could have obtained the coordinates for the CI- 
and Dlll-cases by imposing further constraints on the coordinates associated with 
the A///-cases, but the reduction from gl{r, C) avoids the need for local charts. We 
emphasize that only the constraints on the Moser space induced by reductions to the 
classical Lie algebras are solved, and not the additional invariant constraints arising 
from the splitting g = t © m of the Hermitian symmetric algebras underlying equations 
(1.5a-c). The latter are simply imposed, as in the previous section, upon the initial 
data, and continue to hold valid under the flows. 

The following are the involutions to be applied to the A///-Hermitian symmetric 
Lie algebras in order to get the CI- and D/JJ-Hermitian symmetric Lie algebras. 



<yDiii{X) 



I 
-I 

/ 
/ 



X 



X 



T 



I 
-I 

I 

1 



(3.1a) 
(3.1b) 



The corresponding additional restrictions on the functions q,p and u defined by 
equations (2.15) and (2.26) and the equations (1.1) and (2.1) are given in Table /. Note 
that in all these equations, the matrices p, q and u are of dimension / x /. The restrictions 
given in rows 2 and 3 should be interpreted as invariant quadratic constraints satisfied 
by the matrices (Fj, Gi) on a suitably defined reduced manifold W . The general form 
of the matrices Cq, Ci and £2 entering in the Lax equations (1.2a,b) is still given by 
equations (1.5a-c). 









Table / 








(5l(2/,C),0l(/,C)) 


(su(2/),s(u(/)©u(/))) 


(5U(/,0,5(U(0©U(0)) 


Correspon- 
ding CNLS 
equation 


V-lqt = qxx - "^qpq 
-V-lpt =Pxx ~2pqp 


y/—lut = Uxx + 2^^ u 


y/—lUt = Uxx — '^UU U 


Involution: 


5p(2/,C) 


T 

q = q 

T 

p=p 


5P(/) 

u(/) 


T 

u = u 


5P(/,R) 

u(0 


T 

u = u 


Involution: 

O'DIII 


50(2/, C) 
0K/,C) 


T 

q = -q 

T 

p= -p 


50(2/) 

u(0 


T 

u = —u 


so*(2/) 
u(/) 


T 

u = —u 



For the Hermitian symmetric Lie algebras corresponding to BDI, the Lie-algebras 
so(2 + 2/, C) and so(2 + 2/ -|- 1, C) are obtained as fixed point sets of the involutions 



(TDliX) 
CTBliX) 



/i + 1 
h + i 

10 

Ii + i 
Ii + i 



X 



/i + 1 
h + i 



XgsI(2 + 2/,C) 



X 



I1+, , Xgs[(2 + 2/ + 1,C) 
h+i ' 



(3.2a) 
(3.2b) 



14 



J. HARNAD AND M.-A. WISSE 



(The separation into "S/" and "D/" is necessary due to our choice of a basis that 
makes the relation between the Lax matrices in (1.5a-c) and the corresponding nonhnear 
Schrodinger equations more transparent.) The involutive automorphisms determining 
the Hermitian symmetric Lie algebra decomposition are 



aBi{X) 



h,i 
h,i 



X 



h,i 
h. 



-10 
h.i 
h,i 



X 



-10 
h.i 
/i,i 



X G5o(2 + 2/,C) 

X Gso(2 + 2/ + l,C) 



(3.3a) 



(3.3b) 



This gives the splitting so (2+2/, C) = l^©m^ andso(2+2/+l, C) = l^®m^ respectively, 
where 1^ := so(2, C)©so(2/, C) and 1^ := so(2, C)©so(2/ + l, C) are the +1 eigenspaces. 
The corresponding elements Cq, Ci and £2 given by equations (1.12a-c) will be denoted 
Cq^ £f and £|, s = 1, 2 respectively, for the two cases. In the two cases the complex 
structures I^ := adCW-^i, (resp. I^ : arf/^olm^) underlying the Hermitian symmetric 
Lie algebra is given by an element Cq (resp. Cq) of the so(2)-subalgebra of the +1 
eigenspace of the involutions (3.3a,b). Denoting by Eij the matrix with 1 in the im- 
position and zero elsewhere, we set 



'-0 



-lEi^i - V^Ei+i^i+i G 50(2 + 2/, C) 
1:E2,2 - V^Ei+2,l+2 G 50(2 + 2/ + 1, C). 



(3.4a) 
(3.4b) 



Using the same techniques as in the generic case we see that, with £q, Cq chosen 
as above, the t^ (resp. IB^) components of C\,Ci are invarants of the flows which we 
choose equal to zero. This gives the general form: 



Cl 



cl 




q^ \ 



-p 




Gso(2 + 2/,C) 



(3.5a) 



Q 



~i 
-p 





Q 


-Q 




\ 



~T 

q 





T 

-p 

/ 



Gso(2 + 2/ + l,C) 



(3.5b) 



where qjq,p,p G C^ and q^,p^ G C. Then Cl,C2 ^^^ obtained by substituting (3.5a,b) 
into equations (2.6c,d). 
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Prom the compatibility conditions for equations (1.2a,b) with £q, Cf and £3? ^ 
1, 2 chosen as above, we get the coupled nonlinear Schrodinger equations 



V^qt = qxx - '2q{q^p + q^P) + '2q^qp 

-\/^Pt = Pxx - 2p{q'^p + q^p) + 2p"^pq 
-V^pt = Pxx - 2p{q'^p + q^p) + 2p'^ pq 



(3.6a) 



for the Hermitian symmetric Lie algebra (so(2 + 21, C), so(2, C) © so(2/, C)), and 



-Ml = qlx - ^q\q^p + fp + ^V') + p\q\^ + 2q^q) 

-IPt = pIx - 2p^{q^p + q^p + q^p^) + q^{p^p^ + 2p^p) 
-Iqt = qxx - 2q{q^p + q^p + q^p^) + p{q^q^ + 2q^q) 
-Ipt = Pxx - 2p{q^p + q^p + q^p^) + q^d^^^ + 2p'^p) 
-Iqt = qxx - 2q{q^p + q^p + q V^) + p{q^q^ + 2q'^9) 



(3.6b) 



-V^Pt = Pxx - 2p{q p + q p + q p ) + q{p p + 2p p) 

for the Hermitian symmetric Lie algebra (so(2 + 2/ + 1, C),so(2, C) © so(2/ + 1, C)). 

The reduction to the compact real forms (so(2 + 2/),so(2) ©so(2/)) and (5o(2 + 
2/ + l),so(2) ©50(2/ + 1)) is induced by the involutive automorphism 



a{X) 



-X 



(3.7) 



for both cases. The resulting reality conditions for C\ and C\ which reduce equations 
(3.6a) are 

q — ~P q = ~P- (3-^ 

The reality conditions for C\, C\ reducing equations (3.6b) are 



q = ~p q = ~p q^ = "P^- 



(3.8b) 



The noncompact real forms (5o(2, 2/),so(2) ©so(2/)) and (so(2,2/ + l),5o(2) 
so(2/ + 1)) are obtained through the involutive automorphisms 



PDiiX) = - (^i,'' jI ) X^ (^^0' il ).Xe 50(2 + 2/, C) 

/ -1 \ T /-I \ 

pBj(X) = -{ h,i 0X0 7i,, , X Gso(2 + 2/ + l,C) 
V h.i J V h.i J 



(3.9a) 



(3.9b) 
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The resulting reduced form of £{, C^ ^^^ equations (3.6a) are given by 

q = p Q = P- (3.10a) 

The reahty conditions giving the reduced form of £f , £| and equations (3.6b) are 

q = p Q = P Q^ = P ■ (3.10b) 



Tables II{a — c) give a list of reduced coordinates, corresponding symplectic forms 
and Lax matrices A/'(A) for all the Hermitian symmetric Lie algebras listed above. The 
reductions are given relative to the generic case by expressing the pairs {F, G) G A^**^ of 
A^ X r-complex matrices in terms of reduced coordinates, denoted (X, Y) or (w, X, y), 
where X and Y are reduced rectangular blocks and w G C"^, subject to the remaining 
invariant constraints. The second column gives the restrictions and reality conditions 
on the ki x r-blocks {Fi,Gi) as well as constraints on the eigenvalues of A required 
in order that the moment map take its values in the subalgebras 0"*"* C 5[(r, C)"*"* 
corresponding to the various Hermitian symmetric Lie algebras (g, i). The independant 
variables entering in the kiXr blocks (F^, Gi) are denoted (X^, Yi) or {wi,Xi, Yi) for the 
various cases as defined in the table. The invariant constraints to which these reduced 
coordinates are subject are obtained by substituting the expressions for (F, G) given 
in the second column of Tables II{a — c) into equations (1.12a-c) and imposing the 
conditions (1.5a-c) for the cases in Table / and (3.4a,b), together with the vanishing 
terms in (3.5a,b) and the conditons (2.6d) imposed on £|j for the remaining cases 
BI and DI. The third column gives the corresponding symplectic forms in terms of 
the reduced coordinates. The fourth column expresses the matrices q.q^q^ ,p,p,p^ or 
u^u^^v satisfying the matrix CNLS equations in terms of these reduced coordinates. 
The last column expresses, in terms of the reduced coordinates, the image N{\) of 
the moment map whose isospectral flows, determined by equations (1.2a,b), imply that 
g, g, q^ ,p, p, p^ ,u,u^ ,v satisfy the CNLS equations, given either in the first row of Table 
/ or in equations (3.6a) or (3.6b). 
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Darboux Coordinates for CNLS Equations {CI and Dili) 



Algebra 
+1 eigenspace 


Reduced coords. 
& reality conds. 


Symplectic form 


p,Q;zi(X,y) 


5p(r,C) 
gl(r,C) 


F = {X,Y) 
G= {-Y,X) 
F, = {X,,Yi) 

G, = (-y„x,) 


2tr{dY AdX^) 


n 

n 
i=l 


5p{r) 
u(r) 


a2i-i= a2j_ 

X2i-1= zX'^i 
Y2i-1= X2i 

z = 1, . . . , m = n/2 


m 

2 ^ tr(rfy2z A rfX^ + dY2^ A dXjj 


m 

u = - '^{a2iX2iX2i + a2i^ 
i=l 


sp(r,R) 
u(r) 


Pj = kj - Qj 
j = 1, . . . ,?i; m = 


n 

i=i 


n 



so(2r, C) 
g[(r, C) 


G. = (x„y,) 

i = 1, . . . ,n 


n 

2)_^tr{^,SdX^AdY;^)) 


n 

q=y \aiXj-i^^X^ 

n 


so(2r) 
u(r) 


a2i-i = a2i 

^2i-l = — 7K2i-^2i 
-^^21-1 = -7K2i^2i 

z = 1, . . . ,m 

«i = «j 

^j = -V-l7«,Pi^j 
j = 2m + 1, . . . ,n 


2 > ]tr{-f^,^{dX2^ A ^^2! + rfXs, A dVl)) 

i=l 

n 

+2^/^ J2 tr{pjdXj AdXf) 

j=2m+l 


m 

u=y ]{a2iX^i'y^^,X2i + a2iYr 

n 
j=2m+l 


so*(2r) 
u(r) 


Y,=-V-l^.,PjX, 
j = 1, . . . , n; m = 


n 

2V^y^tr{dX^AdXj) 


n 
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Darbux Coordinates for CNLS Equations (DI) 



Algebra 


Reduced coords. 
& reality conds. 


Symplectic form 




+1 eigenspace 


y? H^ P-: Pi "-7 


50(2 + 2/, C) 


Gi = [Xi, Yi) 
^ = 1, . . . ,n 


n 

2> \tr{-i^XdX^^dY'^)) 

i=l 


n 

Q=-)_J«,(1 

i=l 
n 


so(2,C)©so(2/,C) 


n 


50(2 + 2/) 

50(2)©50(2/) 


tt2j-i = a2i 

Y2i-1 = -lK2iX2i 
X2i-1 = -lK2iY2i 

i = 1, . . . ,m 
a J = aj 

Yj = -V-l-f^jPjXj 
j = 2m + 1, . . . ,n 


ra 

2>>r(7.,,(c/X2.Ac/y2T 

n 

+2v/^ 5^ tr{pjdXjAdXj) 

j=2m+l 


W = - E («2*>"2z7k 

+a2iX 
+v^ ^ 

3-- 

^ = - U («2^^2^7^ 
i=l — T 

+a2i>"2, 

n 
j=2m+l 


so(2,2/) 
so(2)©5o(2/) 


Q!2i-1 = a2i 
Y2i-1 = -'jK,2iX2iIl,l 
X2i-1 = -'jK2iY2iIl,l 

i = 1, . . . , m 
aj = a J 

J = 2m + 1 , . . . , n 


m 

2)^M7.2.(^2^Arfy2T 

^=1 +rfX2.ArfFjj) 

n 

-2V^ Yl tr{dX,Ad{Ii,iXj)p,) 

j=2m+l 


« = E ("2z^2j7k2 
-«2^1^2^7 

J=2 

^ = U ("2^i^2^7^2. 

-a2iA2iO 

- IJ " 

j=2m+l 
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Darboux Coordinates for CNLS Equations (BI) 



Algebra 


Reduced coord. 
& reality cond. 


Symplectic form 




+1 eigenspace 


HtHt Pt PtH T P 1 "7 f^? " l- 


so{2+(2l+l),C) 
so(2,C)®so(2Z+l,C) 


z = 1, . . . ,n 


n 

^ tr(7^, (2 dXi A dY^ + dw^ A dwj)) 


i=l 

g = - ) ^ a,X . 7^^ 
i=i 

n 

n 

Q^ =^a^«'^^7«^^^^ 
i=l 
n 

P^ = -^ai«'i^7«J 


so{2+(2l + l)) 
so{2)Qso(2l+l) 


a2i-l = OL2i 
Y2i-1 = —lK,2i^2i 
X2i-1 = -7K2i^2i 
W2i-1 = -lK2i'^2i 

i = 1, ... ,171 

Uj = cij 

Y, = -V-ll.,PjXj 

Wj = -V-l-f^,PjWj 

j = 2m + 1, . . . ,n 


m 
Y, tHl.2^ (2 dX2^ A dY^^ + dW2^ A dwj^ 

'=^ +2 dX2^ A dV^^ + dW2r A cMJ^J) 
n 

+^/^ y^ tr{2dXj hdXjpj 
j=2m+i +dwj A (ityj) 


^ = -U("2*>"2*7^2.^2\ 
i=l — T _ 

+a2*^2*7«2.^ 

n 

j=2m+l 

"" -T 

^ = -^(a2z^2i7^2«^2\ 

+«2i>"2*7«2i>"2 
" -T 

+ >; «.^,/ 

j=2m+l 

771 

W^= ) ] {'^2^w'^aK2.Y2^ 

^=1 +a2^«'J.7«2.^2^^ 
n 

+ )J a,«;77,^.X} 

j=2m+l 
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Table lie (cont'd) 
Darboux Coordinates for CNLS Equations [BI] 



Algebra 
+1 eigenspace 


Reduced coord. 
& reality cond. 


Symplectic form 


u,v,u\X,Y) 




















t=l ^T _^ 

+a2^^2^7«2.^2^) 




Ot2i-l = a2i 






-V^ Y, (XjX^pj 




Y2i-1 = —lK2i^2iIl,l 


m 




j=2m+l 


so(2,2Z+l) 
so(2)®so(2Z+l) 


X2i-1 = — 7K2i^2i-fl,Z 
W2i-1 = lK2iW2i 
i = 1, ... ,771 


Y^ tr{-f^,^ (2 dX2^ A dY^^ + dW2^ A dwj^ 

'=^ +2 dX2r A dY^^ + dw2r A dwJi)) 

n 


■ -J ^^ nn 








>; tr{2d{X^h,i)AdXfp, 
=2m+i +dwj A dwj) 


" T 

j=2m+l 
m 




j ~ 2m + 1, . . . ,n 






'"^=U("2*«'2i7^2«^2i 

^=1 +«2*«'J,7^2.^2\) 
n 

j=2m+l 



Notation: 



'1) For the complex Hermitian symmetric Lie algebras: A/'(A) = 2, 



1=1 



AM 
a,: - A 



(2) For their real forms: J\f{X) = Y^ I — r + 



+ E 



tti — A 



. -, , «2i — A a2i ~ X / • o I 1 "^J 

1=1 \ / j=2m+l ■' 

(3) By X} (resp.y/) we denote the first column of Xi (resp. F^), and by X^ (resp. Y ^) the matrix X^ (resp. Yi\ 

(4) 2Ki = /ci, z = 1,. ..,n 
/« 

-i^ 
/fc 

-/; 

(7) pj =/^,,K, 



(5)7« 



(6)/- 



fcj 



